Introduction.
It was in 1900 that William Burnsidef first proved that a simply transitive permutation group of prime degree p must contain an invariant subgroup of order p. He later showedf that a simply transitive group of degree pm with p a prime and m > i is imprimitive and compound if it contains a permutation of order pm. In 1921 he § published a short proof that a simply transitive group in which there is a transitive Abelian subgroup of the same degree is compound unless all the operations of the Abelian subgroup are of the same prime order. However, the proof is not sound, as we shall see in §15.
In 1933 Professor I. Schur|| published a paper on those simply transitive groups of degree n in which there is a transitive cyclic subgroup of degree n. He found them to be imprimitive and compound when n is not a prime. He seems to have been unaware of Burnside's paper of 1921. It was this fact that led W. A. Manning to a critical study of the status of the problem, and to the conviction that an investigation of the remaining cases should be undertaken.
In this paper it will be proved that if a simply transitive group of degree pa+b ip a prime and a^b) contains a transitive Abelian subgroup of the same degree and of type (a, b) , it is imprimitive and compound. That no such theorem holds when a = b is shown by the existence of exceptions. There is an infinite family of simply transitive primitive groups Hof degree k2 {k>2) and order 2(&!)2 which contain transitive Abelian subgroups of degree k2 that are direct products of two Abelian subgroups of order k. The members of this family with k=pa>2 are exceptions to the proposed theorem. There is a somewhat similar problem for solvable groups, first encountered by Professor J. F. Ritt.* He proved that a primitive solvable group in pm letters with p prime and m > 1 cannot contain a substitution of order pm except in the case p=2, m=2.
It should be noted that if an imprimitive group contains a transitive Abelian subgroup of the same degree, it is compound.!/ For if it were simple, the group according to which its systems of imprimitivity are permuted would contain a transitive Abelian subgroup of order « and degree less than », an impossibility, since a transitive Abelian group is always regular.
1. In this section we reproduce without proof as much of the preliminary work of Burnside's paper of 1921J as we shall need.
Let a and ft be natural numbers, p and q primes, the same or different. Any transitive Abelian permutation group of degree n = paqb generated by two permutations of orders p" and qb, may be written {P, Q}, where Q: (This rule is also to be applied to the £",", the TUtV, the A«,», the Mu¡v, the mUiV, the 7\,,-, and the Wi.j, which will be introduced later.)
Let ¿7 = {P, Q} and let G be any simply transitive permutation group containing ¿7 as a proper subgroup.
If e is a primitive path and r¡ a primitive qbth root of unity,
completely reduces both G and ¿7
(1.1) T~iPT: f",, If we represent the variables of an irreducible constituent group T of T~lGT: £ac,0" iv = l, 2, ■ ■ ■ , p.) (where p. is the degree of T), and the letters of a transitive constituent A of G0 (the subgroup of G which fixes x0,o) : x"u,bu (w = l, 2, • ■ • , m) (where m is the degree of A), and if x^o6» represents the trace of the substitution of T which corresponds to Pa«Qb», then
provided T is not the identical constituent (on £0,o alone) and A is not the transitive constituent of Go on Xo.o-2. We now establish a sufficient condition that the group G be imprimitive.
Lemma I. If any permutation S of G which is not also in G0 corresponds to the identity of any irreducible constituent T of T_1GT except the identical constituent, G is imprimitive.*
The correspondence between G and T is not one to one, for both 51 and the identity of G correspond to the identity of T. Let V be the subgroup of T which corresponds to Go-Let G' be the largest (proper or improper) subgroup of G which corresponds to V. Then G0 is a proper subgroup of G', for G' contains S. Since G is simply transitive, £a1,/s,+ • ■ • +£«m,ím is an absolute invariant of F',t while T, being irreducible, can have none. Hence I" is a proper subgroup of T, and G' is a proper subgroup of G. Therefore, G0 is a non-maximal subgroup of G, and G is imprimitive.
3. Throughout this paper, i andj' will represent positive integers relatively prime to p and q, respectively.
We introduce
and let Ty,z represent the irreducible constituent of T~lGT which affects, among others, the variable £v,2, and let r¿j represent the irreducible constituent of T,~j GTi.j which affects £¡,,z. If we replace e by e{ and t? by 77', we obtain from the substitution T~lAT, the substitution T^jATi.j. Since we can write T in the form z=0, 1, • • • , q"-i). Hence T~lAT = W7,)iTi~;}ATi,,)Wi,j. This shows that r£',;) and r<»,/, differ only in the names of their variables. That is, if we consider the corresponding matrix groups, the variables of T^'f being denoted €at Ai ?a,.0" • • • i £«".i3" an(i the rows and columns of the matrices of the first matrix group being made to correspond to the variables in that order, then the variables of Tiy,jz are {<■,,#" ¡¡ia2,jß2, ■ • • , ?<<*",#" and if the rows and columns of the matrices of the second group are made to correspond to the variables in this order, then the two matrix groups consist of the same matrices and the two matrices which correspond to yl are equal.* Combining the results of these two paragraphs, we have Lemma II. If we replace e by è and 77 by 77', we "replace Yy,z by Tiy,jz,n that is, from the matrix of Ty,z which corresponds to any permutation of G, we obtain the matrix of Tiy,jZ which corresponds to the same permutation of G, provided that if the rows and columns of the matrices of Ty,z correspond to the variables £",,0,, £a2,is" • • • , £«",0,, in that order, then the rows and columns of the matrices of Tiy,]Z iyohich necessarily correspond to the variables £<",,#" £<«!■#,> • ' • » £<<*».>'A>) correspond to them in that order.
This gives us
Lemma III. If we replace e by e* awd 77 by itself, we replace T0,t by itself. If we replace e by itself and 77 by v', we replace Ty,a by itself.
4. The operation of replacing e by é and 77 by 77', we may denote by These operations form a group K which is simply isomorphic to the group K' whose letters are the paqb symbols Ty,¡ and whose permutations are of the form Our system of notation for the irreducible constituents gives us as many different symbols for a given irreducible constituent as it has variables. The actual number y of irreducible constituents is less than paqb, for otherwise G would be Abelian and H would not be a proper subgroup of G. Let K" represent the group according to which the irreducible constituents are permuted by the operations of K. Then K" is of degree y, its order lies between 1 and <pipa)<t>iqb), inclusive, and the number of its transitive constituents (counting those on one letter) lies between 2 and (a + l)(Z> + l), inclusive, and will be shown later to be greater than 2.
Definition.
The 4>ipa~u)4>ilb~v) variables £,y,,/ for given values of u and v (Oígwíga, O^v^b) will be said to belong to the («, v) category.
Lemma IV. The variables of the iu, v) category are affected by irreducible constituents all of which belong to the same transitive constituent of K".
For r,y,,v is replaced by r,.,,",,^' by the operation
We shall say that the («, v) category belongs to this transitive constituent of K".
It follows from Lemma II that all the irreducible constituents of a given transitive constituent of K" have the same number of variables belonging to any given category. Hence Lemma IV gives us Lemma V. 7/ there are t irreducible constituents of T~XGT in a given transitive constituent of K" and if one of these irreducible constituents affects a variable of the iu, v) category, then it must affect exactly l/t of the variables of that category. If r^.o affects £»p",i9r, r,,o = rip«,)5». By Lemma III, if we replace t by itself and 77 by any primitive qbth root of unity, 77'' (say), we replace T^.o by itself. By Lemma II, if we do the same thing to r,p«tJi», we obtain r,p«,,-,',«. If we let/' run through a reduced set of residues mod qb,jj' will do the same, Lemma VII. The group K" has at least two transitive constituents besides the one on r0,o alone.
If K" had only one transitive constituent besides the one on To,o alone, all the variables except £0,0 would belong to it. Then each of its irreducible constituents would contain at least one variable of an (a, v) category with v<b and at least one variable of a (», ft) category with u<a. Hence, by Lemma VI, it would consist of just one irreducible constituent. Then T~lGT would consist of two irreducible constituents. But that is impossible, for G is, by hypothesis ( §1), simply transitive.* 6. We now restrict our attention to the irreducible constituent rp«_1,0 and the permutations P"QZ of the Abelian subgroup ¿7. Let Xp"q' represent the trace of the substitution of Tp"'1,0 which corresponds to P»QZ and let p. represent the degree of rpo_1,oIt follows from Lemma VI that for the transitive constituent of K" to which Tp°-l,o belongs, t must divide p -i. Let
It also follows from Lemma VI (together with equations (1.1) and (1.2)) that we may write * W. Burnside, Theory of Groups of Finite Order, 2d edition (1911), p. 339.
where ¿í,¡ = 1 or 0 depending on whether the variables of the ia -k, b-l) category do or do not belong to the transitive constituent oí K" which includes Tp'-1^, and where each A, B, ■ ■ ■ , H is relatively prime to p and no two A's are equal, no two B's are equal, etc. Notice that ¿1,0 = 1 and ¿0.o = 0. Because of (1.1) and (1.2), we have (6.3) T-'PyQ'T: £"," = «»Vi«,.
This shows that the substitution of IV-1,0 which corresponds to PyQ* is a multiplication and that it may be obtained from the substitution of Vp'-l,o which corresponds to PQ by replacing e by e" and 77 by 77* in each multiplier. We may obtain xp"q' from xpq by replacing eby e" and 77 by 77z provided Xpq is written out in full as the sum of the p multipliers just as they are taken from (6.3). (Any cancellation or substitution making use of any relation existing between powers of t or powers of 77, or between e and 77, etc., before replacing e by e" and 77 by 77* will in general lead to incorrect results.) However, the expression in the right-hand member of (6.2) is such that we may obtain Xp^q' from it by replacing e by e" and 77 by 77*.
We now make use of the following procedure: Replace e by e" and 77 by 77z in the right-hand member of (6.2) (obtaining xp"q')-The sums obtained from the sums of powers of 77 are equal to ordinary integers. Replace each by the corresponding integer and collect like powers of e, reducing exponents mod p". The result is a polynomial in e with integers as coefficients. We write it whose coefficients are rational numbers. But e is also a root of the equation
which is irreducible in the field of rational numbers.* Hence if the left-hand member of (6.5) is not identically zero, it must be divisible by the left-hand member of (6.6). In either case we may write the left-hand member of (6.5) in the form (to + 7i* H-+ Tj^-ia^'-'Xl + *p""1 + x2""'1 H-+ xCp-i)p°-i).
Therefore, When using these formulas, we must remember that 7r0, • • • , -kp-\ depend on A",z and that these formulas do not apply to A0l0. 7. Since p and p. are constants and since my,z and 7r0 can each have but one value for a given transitive constituent of G0, (6.9) gives us Lemma VIII. 7/ AV<|2-is the same transitive constituent of Go as Av,z, then My' ,Z-=My,z.
Definition.
The <i>ipa~u)<piq''~v) letters x^»,,/ (m and v fixed) will be said to belong to the iu, v) category of letters. 
Equation (6.8) now gives us i
Mipk,jgi = dk+i,i+icpkql -E Rk+i,v (9-3) + (P -1)( -E du.t+icpo-iq1 -do,l+1ql +2ZH Ru.v).
(To obtain this expression, it is neither necessary nor desirable to calculate ov-1, 02Pa'1, ■ • • , ctp-Dp"-1 separately. It is easier to calculate their sum directly.)
To calculate (/> -1)^ -717,/,,V, we make use of the fact that we may write where any summation is to be considered equal to zero if one or both of its E s starts with a number larger than the one with which it ends. Then 10. Since we wish to prove whenever it may be possible that G is imprimitive, we need only consider the case when the conditions of Lemma XI are not satisfied. Then at least one of the d" ,¡, = 1 and at least one of the da ," = 1. We seek to show, when possible, that under these conditions ip -l)p -MiPk,jq' > 0.
Notice first that each term of (9.4) is ^0, and that each term is >0 if the corresponding du,v^0 with the exception of the term dk+i,i+\cpkql When conditions (1) and (2) do not hold but condition (3) does, ip -l)p -MiPk,jql-p -M2h,2l. Now p -M2k,2l>0 for all transitive constituents (not A0,o) except perhaps A2a_l,26_1. Lemma IX and its proof then tell us that when p -M2a-1.2b~l = 0, each transitive constituent of G0 includes at least one letter of some (0, v) category except A0,o and Aï»-1 y-1, and that they do not. Then x2°-1,2b-1 must be the only letter of A2--1 y-1, and G0 fixes at least two letters, x0,o and X2a"I,2''"'. Hence G is imprimitive. Therefore, regardless of whether p = q = 2 or not, we have, with the aid of Lemmas XI and IX, Lemma XIII. If G is primitive, each transitive constituent of Go except A0l0 includes at least one letter of some (0. v) category, and Mpk,q' is equal to at least one of the Mi,jqh when k-\-l<a+b.
Also each transitive constituent includes at least one letter of some iu, 0) category, and Mpk, "' is equal to at least one of the Mip'.j.
License or copyright restrictions may apply to redistribution; see https://www.ams.org/journal-terms-of-use 11. We can obtain an expression for MtPk,ft' which is more convenient than (9.3) for comparing the M'$ as indicated in Lemma XIII. To this end, we observe that ip -i)d0,v = cd0,v, for if d0,» = 0, it is obviously true and if do," = l, ^p»-1,o = ^o,,•îö"•, t = \ (Lemma VI), and (6.1) givesusc = p -l. Starting from (9.3), we replace each Ru,v by its value in terms of du,", c, p, q, u, and v, making use of (9.2) and (6.1). The coefficient of each d0," contains p -1 as a factor and we replace ip -\)d0,v by cd0.v. On simplifying, we find 12. We are now ready to prove the theorem stated in the introduction. For this purpose we take p = q and a > ft and suppose that G is primitive. Let 5 be an integer satisfying 0 ^ s S ft -1 and consider Mp"-1 ,p«. Because of Lemma XIII, it is equal to at least one of the Af,-,)P* (â = 0, 1, • • -, or ft). Then be- Notice that for a fixed value of 5 the coefficient of DQ,V in Fih, s) if not zero is independent of h. Hence, if the values of h and h' are such that the coefficient of Do.v in neither F(A, s) nor Fih', s) is zero, the corresponding terms cancel in Fih', s)-Fih, s).
We now take 5 = 0 and try to show that ¿ya,o = 0. For that purpose, it is sufficient to show that |Z>0,oi''| <pa, for then \Da,v\ <1, and since Da,o is an integer (Lemma XIV), it must be zero. So that in all cases £>o,0 = 0. We now make use of this fact and (12.3) to calculate Da., when 0<s<6.
We may write (12. Hence we have Da,0=Da.i= ■ ■ ■ =Da,b-i=0. But, by Lemma XVI, that is impossible when G is primitive. Therefore G is imprimitive when p = q and a9^b. That it is also compound follows from the last paragraph of the introduction.
13. The corresponding theorem when p9±q is covered by Schur's paper.* However, we are now in a position to prove it quite easily. And a proof based on the properties of group characteristics is not without interest, for the question of the relative advantages of using the theory of group characteristics (and the roots of unity which it involves) or of avoiding all irrational quantities as Schur did, is of importance to future investigations in the field. We therefore include the proof.
We may without loss of generality suppose that p<q. Assume that G is primitive. Then, by Lemma XIII, Afp,i is equal to some Mi,,ah with 14. Combining the results of § §12 and 13 with the remarks made in the introduction about imprimitive groups with transitive Abelian subgroups, we have the Theorem. 7/ p and q represent prime numbers, which may or may not be equal, and a and 6 positive integers, a simply transitive permutation group G of degree n -p"qb which contains a transitive Abelian subgroup of degree n generated by two permutations, one of order p" and one of order qb, is imprimitive and has an invariant proper subgroup unless pa = qb. 15. We are now ready to discuss Burnside's paper of 1921, which we mentioned in the introduction. It gives his proof of the theorem stated there when the Abelian subgroup can have two independent generators. The preliminary work is essentially that given in §1 of the present paper, the principal difference being that Burnside did not restrict the orders of the generators of the Abelian subgroup to powers of primes as has been done in this paper. The proof itself consists of two parts corresponding to the two cases in which (1) the order of at least one of the two generators is composite, and (2) the orders of both generators are primes.
In the first case, it will be sufficient to show that the work is incorrect when the orders of the generators are powers of primes. If, for example, p" is composite, the statement from which Burnside concluded that G is compound says that Pp is represented by the identity of ry-'.o-However, that cannot in general be true, for Lemma I shows us that if it were true, G would be imprimitive. This is contradicted by the existence of exceptions, for example, the simply transitive primitive groups of degree k2 and order 2(ß!)2 mentioned in the introduction when k=p" with a > 1. So that the first and most important part of the proof must contain a serious mistake.
The other case which Burnside takes up is that in which the two generators are of different prime orders. To quote from this paper (changing the notation to conform with that which we have been using) : "If p and q are different primes, and T is that irreducible representation to which £li0 beongs, so that Xp0"q6u=(mA»)E11-i e<!"> then " m ¡i (is. i) -E «"" = E «"""V»8».
m "=i r=i Unless each ßv is zero, in which case the group has a self-con jugate subgroup containing Q, this equation actually contains powers of 77 on the right. Hence when the indices of the powers of 77 are reduced (mod q) each power must occur with the same coefficient. This shews that p must be a multiple of q, and • • • ." We cannot deny that p is a multiple of q when at least one of the ßv is not equal to zero,* but we do deny that that conclusion can be drawn * For the material of § §10-13 maybe used to show that if the first two conditions of Lemma XII are not satisfied, either each transitive constituent of G0 except Ao.o affects at least one xí¡c (i, p) = i, or G is imprimitive and p = q=2. In the former case, we found that unless p" = qb, Da,o= ■ ■ ■ = Z)a,6_i = 0 or .Do,&= ■ • • =Z>a_i,j=0, both of which contradict the assumption that the first two conditions of Lemma XII are not satisfied. Therefore, except perhaps when p = q=2 or pa=qb, at least one of the first two conditions of Lemma XII is satisfied. We apply this fact and Lemma VII to IV1-1,!) when n = pq (p¿¿q). Either ¿1.1 = ^1,0^^0,1 or ¿i,i=¿o,i?í¿i,o.
But ¿1,0 always equals one. Therefore if ¿i,i=¿o,i, both equal zero, and each ßv equals zero. Hence if at least one of the ßv is not zero, ¿i,i = ¿i,o=l, ¿o,i = 0, and /x = c(q-V)-\-c = cq. and since e now denotes a primitive cube root of unity and 77 a primitive fifth root of unity, this reduces to -2 = -2.
So that the proof of the second case is also incorrect.
